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Part A (Short Answer Questions)

Answer any eigttt quesflons.

Weqnt 1 each.

1. Prove that the set af all algebraic numbers form a field.

2. Pro,,e thtt a finite extension E af o f nite field F is a simple extension ol F

3. Express l-8r2 - 12r. * 48 as a product of its sontent with a primitive polynomial in V,lrl

4. Checkwhetherthetunctionyfortheintegral domain Zgivenbyu{n}:n2 lornonzero ne Zisa

Euclidean norm.

5. Define Gaussian integers and a norm tor it'

E. provethotfor o,,b € R wirh bf 0.tneconjugatecomplexnumbersa+biond a-bi,arecaniugoteoverB

7 . wtldr is the order of G(Q(flZ)/Q)?

8. ProvethatthesptittingfietdoverQaf *3 -2 isaf degree 6o'verQ'

9. ter f {*) be a palynamial in Fi.t} where F is a fietd. Define the g{oup of f {*) over F'

10" Show thot 14 + 1 is irreducibte;n Qk].
i8x 1 =3 weightage)

Part B {Short Essay/Problems)

Ansrt er any six quesiions

Weiqht 2 each

'1 1 . Find the degree ancl a basis for Q(.,12, vT, v/18) over Q

12. t; it tnd $ cre constru{tible real numhers, :hen prcve tha a + 0, a - iJ, a3, al g when $=a are construccble.

'.1. D.'r:.-:" r..1i1.::' iim€ntinaPlD.Provethate;',:- '; .,)) ;'11 ': a',rt '",'- "!'if pisan

irreducible.
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14. Define(i) UFD, (ii) PlD, (iii) Euclidean donrain

15^ tetE:Q(\,4,y'3) andF:Q.teta1 :rl),tr,-"4 ,oz:{t,ts,-ns andca:aroz. FindthetrxedfieldsEy,,o,y,

Ep; and Eyr,o"1.

16. tet E be a finite extension af a fietd F. Let o be on isomorphism of F onta a field Ft and tet F be an alqebraic closure of

Ft . Prove that the number af extensions of o ta an isomarpt'rism r of E onto a subfield of F' is linite ond independent ot' Ft ,

-,,l' dnd d -

17. i-etF b"rnalgebraicclosureof afieldF andlet/(u) :rn *a*-!*n 1+...+ s,tr +ao beamonicpolynomial in

r 1a1. t1 1S 1a11* e Flrl and m.! t' 0 tn F, prove thdt f (n) e Fln], that is, at! a; € F.

18. State and prcve Pnmitrve element theorem

i6x2=12 weightage)

Part C (Essay Type Questions)

Answer any two queslions.

Weight 5 eacl).

19. a) LetFbeafieldandletf(x) beanonconstantpolyncmial inF[x].ThenprovethatthereexistsanextensionfieldLofFandan

a e E such that f(a)=6

b) Canstruct a finite field of 4 elements

2A. a) lf D is a UFD, then prove that a product of two primitive polynomials in D[x] is again primitive.

b) Let D be a UFD and let F be a field of quotients of D. 1-et f(x) in D[x] has degree greater ihan 0. lf f(x) is

irreducible in D[x], tiren orove that f(x) is also irreducible in F[x]. Also if f(x) is prinritive in Dlxl and

irreducible in F[x1, f)en prove that f(x) is irreducible in D[x].

2'l . a) State and prove the isomorphism extension theorem.

b) Pro'te that dny twa rlgebraic ciosures af a field F are isomarphic under an isomorphism leaving each element oJ F fixed.

,r. a) Let F be a fieid and /(r) oe an irreducible polynomial in f ir]. Prove that all zeros of /(r) in tr' nrr"
the sanre multiplicity.

b) Let -F be a field and J(r) be an irreducible polynomial in f'fzl. Prove tnat /(r) has a factorization in

F1r1 otf," form aIIo(, - ca)" where a.4 erethe distinctzeros of /(e) in -F' ano a, e F.
c) ll E ls a finite extension of a field F, then prove that {E : F} divides lE t Fl.

(2x5=10 weightage)


