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Part A (Short Answer Questions)

Answer any eight quesfions.

Weight't each.

1 . Dehne strong and lveak convergence of a sequeace in a normed space. Prove that strong convergence implies weak convergence *'ith

the same 1imit.

2. If,S,,7; e B(X,)r)"and{S,) anri?.}, arestronglyoperatorconvergentrvithlimitsSand?.shorvthat tS"+7") iss:rongll-

operator convergent with the limit S * T.

3. Deine the spectral radius r"{?) olan operator T e B{X,X), rvhere X is a Banach space. Also r.r,rite dou'n the expression lbr

finding r"(?).

4. Let ? € B(X,X), r.r'here X complex Banach space and p,,\ e p(T)' -Itenprove tbat RSRp : R|RX'

5. Lctmarriri A:1" bl *as : -+-l 
d -b'l ,r.,t"r. a,b,e,d,arereal nrrmbersandod _ bcf 0.ll {2,3}isthespectntmol'

[c d) u-x l-c a )
C, find the specffrm of B.

6. Deline Banach algebra with example 
"

7 . Show that the resolvent p(r) is open, *,here s € C and A is a complex Banach algebra r.rith identity.

8.
IfT is a compact linear operator on a normed space X pro\.e that the rapge of?rtis closed lor every '\ I 0'

9. Defileself-acljointlinearoperatoronaHilbertspace.Provethattl*eigenvectorscorre.tpondingtodistincteigenvaluesofa

botmded self-adjoint linear opercttor on a coruplex Hilbert space are orthagonal'

1 0. Let ? he a bounded sel1--adjoint linear operalor on a Hilbert space If . Shor,v that if ? > 0" then (J + f )-1 erists'

(8x1=8 weightage)

Time: 3 Hours



]ilffiffiF#ffiffiffilllll
Part B (Short Essay/Problemsi

Answer any six guesflons.

Weight 2 each.

11. Let ?} : 12 -+ F be a sequence olioperators defrned as

T"(r) : (9!a!, {', €z' €s'' ")

where e : ({r,€2, "') e t' .tnJtltn*
(al T" is linear ancl boulded.

(b) ?i is rr.eakl1'' operator conYergeilt to 0 but not strongll'.

12. LetXandY beBanachspaces and f :DQ) -+ Yaclosedlinearoperatoqwhere2(?) C X. ProvethatifD(") isclosedinX.

then the operator ? is bounded.

13. Deiine eigenvalues of a linear operator ? : D(") -+ X . wherc X I {0} is a compiex normed space and D{f) C X. Also, give an

example for a linear operator having spectral values w'hich are not eigenvalues. Jrrstill ,vour axswer.

14. LetT : X -+ X be a bounded linear operator on a complex Banach space X. Prove that the resolvent operator Al(") is

holomorphic at ever-y point ,\6 € p{f)

15. Sho*'that? :12 -+lzdetjrrecl byTt:y:{rti),ni: } i..n*pu.t.u,here *:(1i,i:1,2,3,"'.

16.
If B is a total'ly bounded subset ola metric space X, prove that B contains a llnite e - net for every e > 0.

17 . Prove that the specfium of a bounded self-adioint linear operator on a oomplex Hilbert space lies in a ck:sed inten'al on the real a>lis.

18. Shor.vthatthedifference P:Pz -P1 ofnr"oprojectionsonaHilbertspaceIlisaprojectiononif ifandoni"r'if& <Pu.

{6x2=12 weightage)

Part C (Essay Type Questions)

Answer any two quesfions.

Weight 5 each.

19. ta) Prove that a bouncled linear operator ? trom a Banach space X onto a Banach space Y has the properl,v that the image f(86) of

the open unit ball Bo : B(0; 1) c X contains an open ball about 0 e Y.

(bi State and prove Open &tapping Theorem.

2A. Let ?: X -+ Xbe acontractionon acompletemekic space (X,d);X I {. Prove that?has precisel,v one fixedpoint.

21.
LetTtX-rXbeacompactlinearoperatoronaBanachspaceX,ald,ll0.Provethatthereexistsasmallestintegerrsuchthat
&om z : r onq'ards the null spaces,A/(ff ) are all ec1ual and ifr > 0, the inclusions

.AI{ry) c lf("^) c lf(ry) c "' c ff({)are allproper.

22. State and prove a necessary and sufficient ondition for a projection on a Hilbert space ff.

rilr g+I.-B{rytt++JcJtrEll&Ild lt il I

(2x5=10 weightage)


