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Part A {Short Answer Questions)

Answer any eight quesfions.

Weight 1 each.

1. Define an algebraically closed field. Give an example.

2. If Eisofinitefieldolcharacteristicp,thenprovethatEcontainsexactlypn elementsforsamepasitiveintegern.

3. Define Unique Factorization Domain and Principal ldeal Domain.

4" Express 2r2 - 3* * 6 as a product of its content with a primitive polynomialinZlr)

5. Define integral domain and multiplicative norm on an integral domain.

6. Stote the isomorphism extension theorem. l)se this theorem ta prove that if E < F is an olgebraic extension of a field F and

a, A € E are conjugate over F, then the conjugation isomorphism $",p : F(a) -+ F(P) can be extended to an

isomorphism af E onro a subfield of F.

7. what is the order of G(Q(rlE, rvBr,Q)l

8. Prove that the sptitting field over Q o/ c3 - l- rs of degree 2 over Q.

9 . Describe the group of the polynomial oa * 1 e Q lc] orer Q.

14. aet';ne symmetricfunction over a field F.

(gx1=g weightage)

Part B (Short Essay/Problems)

Answer any six questions.

Weight 2 each.

11 Showthat Rirjl < 12 + 1> is isomorphictothefield C of complex numbers.
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12. tf E is a finite extension field of a field F and K is a finite extension field of E then prove thdt K is o finite extension of F and [K:F]=

IK:E][E:F]

13. Let D be a UFD and let F be a field of quotients of D. Let f(x) in D[x] has degree greater than 0. If f(x) is

irreducible in D[x], then prove thatf{x) is also irreducible in F[x]. Also if f(x) is primitive in D[x]and

irreducible in F[x], then prove that f(x) is irreducible in D[x].

14. Prove that every Euclidean domain is a UFD.

15. tetE:Q(vE, f5)andF:AQD rindG{ElF) andprovethatitisisomorphictotheKlein4-sroup.

16. f f < El K,whereKisafiniteextensionfieldof afietdF, thenprovethat{K: lr}: {1( : E}{Ei F}.tllustratethis

result with an example.

17 . lf K is d finite extension af E and E is a finite extension af F, then prove that K is separable over F if and only if K is

separable over E and E is separable over F.

18. LetI{beafinitenormal extensionof afieklFand letEbeanextensionof .F,where F < E < K < F. Ptou.thefoilowing.

a) /( is a finite normal extension of E.

blGtKlE) ispreciselythesubgroup otG{KlF) consistingof all thoseautomorphismsthatleaveEfixed.

c) Two dutamorphisms o ond T in G(K lF) induce the sume isomorphism of E onto o subt'ield of F if and only if they are in

the ssrne teft coset of G(K lE) in CtK lF).

(6xZ=12 weightage)

Part C (Essay Type Questions)

Answer any two questions.

Weight 5 each.

19. a) Provethatthesetofall constructiblereal numbersformsasubfieldofthefieldofreal numbers

b) Prove that doubling the cube is impossible

20. a) Prove thatZli,i is an integraldomain.

b) Prove thalTzli,i is a Euclidean domain.

21 . al State and prove the Conjugation lsomorphism Theorem.

b) Prove that complex zeros of polynomials with real coefficients occur in conjugate pairs.

22. Prove the following.

a) LetFbeafieldandJ(r) beanirreduciblepolynomialintr'fri.Thenallzerosoff(z) inF havethe

same multiplicity.

b) Let F be a field and /(r) be an irreducible polynomial in Flrl. Then /(r) has a factorization rn

,F- frj of the form a{Ittr - s.i)" where a1 are the distinct zeros of /(r) in -F' and o, € F.
c) lf .E is a finite extension of a field F, tl.ren {E : .F,} divides iE : Ft.
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