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Part A (Short Answer Questions)

Answer any eight quesfions.

Weight 1 each.

1 . Show that the discrete metric space is complete.

2. When do you say that a subset lvl of a metric space X is compact. Give an example of a compact metric

space.

3. Provethattheinverseofa linearoperatorTexistsifandonl;'ifnull spaceofTisequalto{0}.

4. Define a bounded linear operator on a normed space. Give an example for a bounded linear operator.

5. Let ?be a bounded linear operator. Then prove that, if an -+ fi , where rn, n e D(f) implies Tnn -+ Ta

5. Define a Hilbert space.

7. Define orthonormal sets and orthonormal sequences.

8. Define isomorphisc Hilbert spaces.

9. L')e./ine partiall.v- orderecl set. Give an example.

'l 0. t.et X andY tre normedspaces and S,T < B(X,Y) thenpro,-e tkat {S+ ?)' :,9* *7" and (cT)x : aT' u,here abe am,

596 I 1 tr.

(8x1=8 weightage)

Part B (Short Essay/Problems)

Answer any six guesfrons.

Weigttt 2 eacf't.

11. Define a normed space. Prove that norm is a continuous function.

rlll Sf,-P#Wg/zffiKIl lll
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12 prove that on a finite dimensionalveetor space X, any two norms are equivalent'

13. Let f : Cla,b)-+ ft be a tunction clehned b"v f(r) : fb r(t)d't' Prove that Jis a bounder-1 linear fi:nctional on

Cl,a,b1

14. If X is a f,rnite dimensional normed space, then prove that x* is also filite dimensional and d'i'mx : d'irnx* '

1S. Prove that for any subset M + O of a Hilbert space H, the span of M is dense ln f/ it and only if

ltrr : {o}.

16. Let e3 be an orthonormal sequence in a Hilbert space ff'

a) prove that the series i o*"* converges in the norm on I{ if and only if the series

&:1
oo

I l"*;" converges'
k:1 

oo

b)Provethatforanyneff,tfreseries.I(',e1)esconvergesinthenormoffJ'
k:1

17 . DeJine the Hilbert-adjrLint operiltor of a bounded li,ear operator T : Ht -+ Hz v lrre H1 crncl H2 are Hilbert spaces' Prot:e that

theHilherrttdjaintaper(ttorT* afrexists,isuniclteantlisabatmcledlinearoperatortvithnormllT-il:i!rll

1g. Defirrcself-culjai*tli*ecroperatot.LetTbeahoundedlinearaperatoronacomple'tHilbertspttc'eII'prttvethatT 
isselJ-

adioint if ancl ottly if < Ta,a > is recl for all n € H '

{6x2=12 weightage)

Part C {EssaY TYPe Questions)

Answer anY two quesflbns.

Weight 5 each.

IY

21

2A

{i)A subspace Y of a Banach space X is complete if and only if the set Y is closed in X'

(ii) ln Jm, let Y be the subset of all sequences with only finitely many non zero terms' Show that Y is a

subspace of J* but not a closed subspace'

prove that the set of all bounded linear operators fiom a Normed space Xinto a Normed space Y is a Normed space

Hence a Banach space if Y is a Banach space'

a) State and Prove Riesz's Theorem'

b) Show that any linear functional f on 113 can be represented by a dot product'

f{*) : n . z :€r(r + (z(z * d:G

22. State and prove Hahn-Banach theorem for complex vector spaces

i2x5=10 weightage)


