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Abstract

Soft set theory, introduced by Molodtsov has bemtsidered as an effective
mathematical tool for modeling uncertainties. Iristipaper we introduce the
notion of soft graph and investigate some of thedperties.
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1 I ntroduction

Soft set theory [7] was introduced by Molodtsov in 1999 as a generd
mathematical tool for dealing with uncertainties. In soft set theory, the problem of
setting the membership function does not arise, which make the theory easily
applied to many different fields. The operations of soft sets are defined by Maji et
al. [6]. At present, work on soft set theory is progressing rapidly. The algebraic
structure of soft set Theory has also being studied in more detail [1], [3], [5], [8].
In this paper we introduce the notion of soft graphs, we also define soft graph
homomorphism, soft tree, soft complete graph and investigate some of their
properties.
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2 Preliminaries

For notation definition and facts from Graph theory we refer to [2], [4], [9] and
that of Soft set theory to [6], [7].

21 Graphs

A graph G =(V, E) consists of a non-empty set of objects V, called vertices and a
set E of two element subset of V called edges. Two vertices x and y are adjacentif

{x, Yy O E. A graph G=(V', E)is said to be a subgraphof G=(V, E)if V'OV

andE'0 E. For any subset S of the vertex set of the graph G, the induced
subgraph Sis the subgraph of G whose vertex set is S and two vertices are
adjacent in Sif and only if they are adjacent in G. A graph is completeif every
vertex is connected to every other vertex and we denote the complete graph on n
vertices by K, . A treeis a connected acyclic graph; where by a cycle we mean a

closed path. The distancebetween two vertices u and v of a connected graph G
denoted by d(u, V) is the length of the shortest u-v path. The diameterof the graph

G is the maximum of vertex eccentricities, where the eccentricityof a vertex u,
e(u) =max{ d( u \)| V1 ¥ . A homomorphisnfrom a graph G to a graph H is
defined asamapping h: G - Hsuchthat (x, YOEQGQ= (KX, { YU EH.A
hypergraphH isapair H =(V, E) where V is aset of elements called vertices and

E is a set of non-empty subsets of V called edges or hyperedges, E is a subset of
P(V)—-{0O} where P(V)the power set of V.

2.2 Soft Sets

Definition 2.2.1 Let U be a nonempty finite set of objects calledvense and let
E be a nonempty set called parameters. An ordeged (f,E) is said to be a

Soft set over U, where F is a mapping from E iht get of all subsets of the set
U. ThatisF :E - P(U). The set of all Soft sets over U is denoted by.S(U

Definition 2.2.2 Let (F, A)and (G, B) be two soft sets over the common universe
U. We say thafF, A)is a soft subset diG, B) if (1)AO B,
(2) For all ed AF(e) 0 G(9.

Definition 2.2.3 Let (F, A)and (G, B) be two soft sets over the common universe
U. The union of two soft seff, A) and(G, B) is the soft set(H,C) where
C = A0 Band H is defined as follows:
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F(e), fored A- B
H(e) =< G(9, forel B- A
F(eOG(g, forel M B

Definition 2.2.4 Let (F, A)and (G, B) be two soft sets over the common universe
U such that An B=0 . The intersection(F,A) and (G, B) is the soft set
(H,C)whereC=An BandH(e)=F(e n @ forall edC

Definition 2.2.5 Let (F, A)and (G, B) be two soft sets over the common universe
U. Then (F,A) and (G,B) denoted by (F,A)(G,B) is defined by
(F,A0(G B =(H AxB where H((ap)=F(@)nG(L) for all
(a,/)0AXB

3  Soft Graphs

Let G =(V, E) be asimple graph, A any nonempty set. Let R an arbitrary relation
between elements of A and elements of V. That is RO AxV. A set valued
function F: A - P(V) can bedefined as F(X) :{yDV| XRYy. Thepar (F,A)isa
soft set over V.

Definition 3.1 Let (F, A)be a soft set over V. ThéR, A) is said to be a Soft

graph of G if the subgraph induced Byx)in G, Ffx)is a connected subgraph
of G for all xOO A.

The set of al soft graph of G isdenoted by SG(G).

Example 3.2 Consider the graph G =(V, E) assnhowninFig.1. Let A={v, v, \} .
Define the set valued function F by,

F(x)={yO V| XRy= xis adjacent to y in}.

Then F(v) ={v,, \}, F(vy) ={%, v}, F(%) ={\, v, 4}

Here subgraph induced by F(x)in G, If’/ex) is a connected subgraph of G, for all
xA.

Hence (F,A) L SE G.
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Fig. 1

Example 3.3 Consider thegraph G = (V, E) asshowninFig.2. Let A={v, \}.
Define the set valued function F by, F(x) ={yO V| XRy= d x y<2}.
Then F(v) ={v, %, v}, F(v) ={w,V,, ¢} .
Here PPx)is a connected subgraph of G, for all xO A. Hence (F,A)0SQ G.
A v, YA A Vg
o o o 0

N\
J

Fig. 2

Example 3.4 Consider thegraph G =(V, E) asshowninFig.3. Let A={v}.
Define the set valued function Fby F(x) ={yOV| xRy= d x y=1.

Then F(v,) ={v,, v} . Here Pfv,) is not a connected subgraph of G.
Hence (F, A)is not a soft graph.

Vi

<

Fig. 3

Remark 35 If (F,A) is a soft graph of the simple graph G =(V, E) then
H =(V,E) where E' ={ F(x)| X[ A is a hypergraph called induced hypergraph
of G.

Proposition 3.6 Every simple graph can be considered as a softlgrap

Proof: Let A be the set of all edges of the graph G. Define a set valued function
F:A- P(V)by, F(e)={ yOV| eRy= ysanend vertex of theedge €} .
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Then (F, A) isasoft graph, as If/ee) is a connected subgraph of G for al eld A.
Intersection of two soft graphs need not be a soft graph.

Example 3.7 Consider the graph G = (V, E) asshowninFig.3.

Let A={v} . Define the set valued function F by

F(X)={yOV| xRy= d x y<1.

Then F(v,) ={Vv, \, \;} . Define the set valued function H by

H(x)={yOV| xRy= d x y=1.

Then H(v) ={v,, &4, v} .

Now F(v;) n H(v) ={\, \;} which does not induce a connected subgraph of G.

Proposition 3.8 Let (F,A),(H,B)0SEQ be such that A B[O and

PPe) n Bfe is a connected subgraph of G, for @l An B. Then their
intersection(F,A)n (H,B)0 S3 Q.

Proof: The intersection of two soft set (F,A) and (H,B) is given by
(F,A\n(H,B)=(U,C) where C=An B0 and U(e)= F(n H(g#0O for
al edC. Let xOC= An B. Since by assumption UPx) = BPx) n ¥X) is a
connected sub graph of G, (U,C)=(F,An(H,B0SQGQq.

Proposition 3.9 Let (F,A),(H,B)0SEQ . If An B=0 then their union
(F,AO(H,B)0SGE Q.

Proof: The union of two soft set (F,A) and (H,B) is given by
(F,A)O(H,B)=(U,C)where C = Al Band

F(e), foreld A- B
U(e) =4 H(e, for €1 B- A
F(e)OH(e, for €l Avx B

Since An B=0, A-B=A, B-A=A,either ed Aor ed B for al ed AO B.

F(e), for el A

Hence U(e) ={H(e), for e[l B

Since (F,A)0SQ G, PPe) isaconnected subgraph of G for al el A.
Since (H,B)0SQA Q, Hfe) isaconnected subgraph of G for all el B.

Thus UPe) is a connected subgraph of G for all el C and hence(U,C)0SQ G.
Thatis (F,A)0(H,B)0S3 Q.
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If (F,A),(F,B)0SQE Qbe such that F(xX) n F(y)#0 for al xOA yO B. Then
(F,AO(F,B)0S3E QG

Example 3.10 Consider the graph G =(V, E) asshowninFig.4.

Let A={v} and B ={v} . Definethe set valued function F by,
F(X)={yOV| xRy= d x y<1.

Then F(v;) ={v, %, ¢}, F(%) ={V,, 4, Vi, ¥, &} -
Here F(v;) OF(v) ={w, ¢} # O but does not induce a connected subgraph of G.

Hence (F,A) O(F,B)0 SE Q.

Vl
V6 V2
V5 V3
\A
Fig. 4

Proposition 3.11 Let (F,A),(H,B)0SE Q be such thatPfx) n Hy) is a
connected subgraph of G for atl] A y1 B. Then(F,A)(H,B)0 SG G.

Pr oof:

We have (F,A) (H, B) =(U, C) where C= Ax B and
U((x,y)=F(Xn H(y=0O foradl (x,y)d Ax B.

By assumption we have Ffx) n K?y)is aconnected sub graph of G for all
x0 A yO B. Hence (U,C) =(F, A)0(H, B0 SG G.

Definition 3.12 Let (F,A) and (H,K) be a soft graph of G. Thegid,K) is a
soft subgraph ofF, A) if

(K O A
(2)1¥¥x) is a connected subgraph 8fx) for all xO K
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To illustrate the definition we consider the following example

Example 3.13 Consider the graph G =(V, E) asshownin Fig.4.
Let A={v,,\,V;, ¢} and K ={v;,V,}.

Define aset valued function F : A — P(V) by F(x)={yDV| XRy= d x y<1}
Then F(v,) ={v,, v, 4, v}, F(v3) ={Vv,, %, v, &}, F(v,) ={wv,V,, ¢},
F(V) ={v % 0 4

Define aset valued function H : K - P(V) by H(x) ={yOV| xRy= d x y=13
Then, H(v;) ={v,, v, u}, H(v,) ={v;, u}.

Therefore (F, A),(H,K)OSE G.

Here K O A and H¥x) isasubgraph of Ffx) for all xOK.

Therefore (H,K) isasoft subgraph of (F, A).

Proposition 3.14 Let (F,A),(H,A0SQE Q. Then(F,A)is a soft subgraph of
(H,A) ifand only if F(x) O H(x) for all x(I A.

Proof: Suppose (F, A)is a soft subgraph of (H, A), then clearly F(x) O H(X) for
al xOA.

Conversdly let F(x) 0 H(X) foral x[O A.

Since (F,A)0SQ G, PPx) isaconnected subgraph of G for all xO A.

Since (H,A)0SQ Q, H¥x) isaconnected subgraph of G for all xO A.
Hence Ffx) isaconnected subgraph of Hx) for all xO A. Also A A.

Thus (F, A) isasoft subgraph of (H, A)

Corollary 3.15 Every soft graph is a soft graph of itself. Thaif i6F, A) is a soft
graph of G then(F, A) is a soft subgraph of itself.

Definition 3.16 Let (F, A) be a soft graph o6, and let f be a graph
homomorphism fron®, to G,. Then(f (F))(x) = f(F(x)) for all xOA.

Proposition 3.17 Let (F, A) and (H, B) be soft graphs of, such that(F, A) is
a soft subgraph ofH,B) . If f is a graph homomorphism fro@®, to G,, then
(f(F),A) is a soft subgraph of f (H), B)
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Proof: Given (F,A) is a soft subgraph of (H,B), then A B and |9/9x) is a
subgraph of H¥x) for all x A.

Since f is a homomorphism from G, to G, and homomorphic image of a
connected subgraph in G, is a connected subgraph in G, we have f (FPx)) and
f (Py)) are connected subgraphs of G, foral xJAand yUB.

Also f (FPx)) isasubgraph of f(H¥x)) for al x0 A.
Hence (f (F), A) isasoft subgraph of (f(H),B).

Definition 3.18 Let (F,A) and (H,B) be soft graphs of the grapléd and G,
respectively. Letf :G, - G, and g: A- B. Then(f,g)is said to be a soft
graph homomorphism if ,

(1) f is a graph homomorphism fro@, to G,
(2) g is a mapping fromA to B
(3) f(F(X)) = H(g(X) forall xO A

Then(F, A) is said to be a soft graph homomorphidtb, B) .

Definition 3.19 If f is a graph isomorphism froi§, to G, and g is a bijection
from A to B. Then(f,Q) is said to be a soft graph isomorphism giid A) the
soft graph isomorphic t¢H, B) .

Example 3.20 Consider the graphs G, =(V,, E) and G, =(V,, E,) as shown in
Fig.5.

Let A={w,%,\, v} and B={u ¥

Define aset valued function F:V, — P(V)) by F(x) ={yOV| xRy= d x y<3
Then (F,A)0SJ G)

Define set valued function F :V, - P(V,) by H(x):{yDV2| XRy= d x y<3
Then (H,B)J SE G)

Define f:G, - G, by f(v)=u, f(v,)=v, f(v)=u, f(v,)=Vv.

Then f isagraph homomorphism from G, and G,.

Define g: A~ Bby g(v) = u,9(%) = V,9(%) = u,g(v,) = v.

Then g isamapping from A to B.

Also f(F(x)) =H(g(X) foral xOA

Hence (F, A) isasoft graph homomorphicto (H, B).
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4 Soft Trees

Definition 4.1 Let G=(V, E) a graph and(F, A) be a soft graph o&. Then
(F,A) is said to be a soft tree #x) is a tree for allxd A.

Example 4.2 Consider the graphs G = (V, E) asshowninFig.3.

Let A={v,,\,}

Define aset valued function F: A - P(V) by F(x) ={yOV| xRy= d x y<3
Then F(v,) ={v, %, v}, F(v,) ={\, &, v}

Here PPx) isatreefor all xO A. Therefore (F, A) is asoft tree.

Proposition 4.3 Let the graphsG =(V, E) be a tree. Then evefl,A)1SH G is
a soft tree.

Proof: Let (F,A)0SQ Q. Then Pfx) is a connected subgraph of G for all
xA.

Since G is a tree every connected subgraph of G is a tree. Therefore (F,A) isa
soft tree.

Remark 4.4 The converse of above theorem is not true. That isif (F, A) is a soft
tree of G then G need not be atree.

For from example 4.2 (F, A) isasoft tree but G isnot atree asit contains a cycle.

Theorem 4.5 A soft graph(F, A) of G is a soft tree if and only #£x) is acyclic
for all xO A.

Theorem 4.6 Let (F, A) be a soft tree of the grapB, then the following holds

(1) If (H,B)is a soft subgraph ofF, A) then(H,B) is a soft tree of5,.
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If (F,A) is a soft tree of5, and if (H, B) the soft graph homomorphic
image of(F, A) in the acyclic graplG,. Then(H, B)is a soft tree of5,.

Given (H, B) isasoft subgraph of (F,A).

Then B O Aand H¥x) isaconnected subgraph of Ffx) for all x0 B.
Since (F, A) isasoft tree, Px) isatreefor all x0 A.

Now since H{x) is a connected subgraph of Ffx), H¥x)is a tree for all

xUB.
Therefore (H, B) isasoft tree of G,

Given (H, B) the soft graph homomorphic image of (F, A).

Then there is a soft graph homomorphism (f,g) where f:G, - G, a
graph homomorphism and g: A » Bsuch that f(F(x)) =H(g(x) for al
xUA.

Since (F, A) isasoft tree, Px) isatreefor all xO A.

Since f is a homomorphism and G, is acyclic, the induced subgraph of
f(F(x)) isasoatreefor al x[J A.

That is H(g(x)) induces atreefor al x A.

Since g isonto, for all y[IB thereexist x[1 A suchthat g(x) =y.
Hence H?y) isatreefor al yOB.

Therefore (H, B) isasoft treeof G,

Soft Complete Graphs

Definition 5.1 Let G=(V, E) a graph and(F, A) be a soft graph o&. Then
(F,A) is said to be a soft complete graphfx) is a complete graph for all

x A.

Example 5.2 Consider the graphs G = (V, E) asshowninFig.4. Let A={v,,\,}
Define the set valued function F : A - P(V) by F(x)={yDV| XRy= d x y=1
Then F(v) ={v,, w, ¢}, F(v3) ={\, &, v}

Here |9/()x) is acomplete graph for all xO A. Therefore (F, A) is a soft complete

graph.

Proposition 5.3 Let the graphsG=(V, E) be a complete graph. Then every
(F,A)0SH QG is a soft complete graph of G.
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Proof: Let (F,A)JSE Q. Then I9/Qx) is a complete subgraph of G for all x[O A
as every induced subgraph of a complete graph is complete.

Therefore (F, A) isasoft complete graph.

Remark 5.4 The converse of above theorem is not true. That isif (F, A) is a soft
complete graph of G then G need not be a compl ete graph.

To illustrate above remark we consider the following example

Example 5.5 Consider the graphs G =(V, E) asshown in Fig.4.

Let A={\,V,, ¢}

Define the set valued function F by F(x)={yDV| XRy= d x y=1
Then F(v) ={\v}, F(v,) ={v;, %, w} , F (%) ={Vs, v, ¢}

Here PPx) isacomplete graph for all x A.

Therefore (F, A) isasoft complete graph. But G is not a complete graph.

Theorem 5.6 A soft graph(F,A) of G is a soft complete graph if and only if
PPx) is complete for allx [ A.

Theorem 5.7 Let (F, A) be a soft complete graph of the gra@hthen the
following holds

(1) If (H,B)is a soft subgraph offF, A) then(H,B) is a soft complete graph
of G,.

(2) If (F,A) is a soft complete graph &, and if (H,B) the soft graph
homomorphic image ofF,A) in G,. Then(H,B) is a soft complete
graph inG,.

Pr oof:

Q) Given (H, B) isasoft subgraph of (F,A).
Then B O Aand H¥x) isaconnected subgraph of Ffx) for all xO B.
Since (F, A) is a soft complete graph, Pfx) is a complete graph for all
xA.

Since H¥x) is a subgraph of Ffx), we have H(x) O F(X) . Now as every
induced subgraph of a complete graph is complete, I—%x) is a complete
graph for all x B. Therefore (H, B) isasoft complete graph of G, .
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Given (H, B) the soft graph homomorphic image of (F, A).

Then there is a soft graph homomorphism (f,g) where f:G, - G, a
graph homomorphism and g: A — Bsuch that f(F(x)) =H(g(X) for all
x A.

Since (F, A) is a soft complete graph, I9/Qx) is a complete graph for all
xA.

Since f is a homomorphism, the induced subgraph of f(F(x)) isadso a

complete graph for all x[J A.

That is H(g(x)) induce acomplete graph for al x A.
Since g isonto, for all y[1B thereexist x[J A suchthat g(x) =y.

Hence H?y) isacomplete graph for all yIB.
Therefore (H, B) isasoft complete graph of G,.

Conclusion

In this paper, we introduced soft graphs, soft subgraph, soft graph homomorphism,
soft tree and soft complete graph and studied some of their properties.
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