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Part A (Short Answer Questions)

- Answer any eight quesflons.

Weight 1 each.

1 . Dehne strong and \.veak convergerce of a sequence in a normed space. Prove that strong convergence impiies weak convergence r,,r.ith

fhe same limit.

2. I1,5,,?|. €BlX,Y).ald(S")andfl,areskonglyoperatorconvergentwithlimitsSand?.Shou'that(,9"+?") irstrongl-y

operdtor convergent with the lirnit S * ?.

3. Define the spectral radius rr(7) of an operator T € B{X,X),lvhere X is a Banach space- Also u,rite down the expression tbr

finding r"(?).

4. Let T € B(X,.}(), nhere X c,omplex Banach space and p,,t e p{T). Then prove that -R1fip : RpRl.

5. Lermatris A:1" u,l ,ror:**lo bl .rrt"r. a,b,c.d,arereal nLrmbcrsandad -bc/-0.1i{2,3}isthespcctnrmoi'lc d] M-rc L-c a )
.4" hld the spectmm of B.

6. Deline Banach algebra ra'ith example.

7 . Show that the resolvent p(c) is open. r.r.here a e C anrj A is a cornplex Banach aigebra rlith identitv-.

B. Il7 is a compact linear operator on a normed space X prove that the rapge of?r'is closed lor every .\ I 0.

9. tlefine self-adjoint linear operator an a Hilbert space. Prove that the eigenvectors L:orre.\ponciing to distinct eigen values o"f a

bounded self-adjoint linear aperotat on a complex Nilber! space are orthogonal.

1 0. Le1 ? he a bounded seli--adjoint linear operator on a Hilbert space -Fl. Shor.v that if ? > 0, then (f * f)-1 exists.

(8x1=8 weightage)
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Part B (Short EssaY/Problems)

Answer any six quesfions.

Weight 2 each.

11. Let & : 12 *+ P be a sequence ofoperators dehned as

T*{*) : (9,0, . . ' ,0., {r, €2, {e, ' ")

where e : (4r,42,...) e I'. r*rlrn*
(a) 4, is lirrear and bounded,

( b) 4, is u'eakly operator convergent to 0 but not strongly

12" LetXandybeBanach spaces a1d f :D$) -+ Yaclosedlinearoperator. whereD(f) C X' Provethatif?(") is closedinX'

then the operator ? is bourded'

13. Deiineeigenvaluesofalilearoperator?:D(") +X,where X+{0} isacomplexnormedspaceand D(T)c X'Also,givean

example for a linear operator having spectral values ,,vhich are not eigenvalues. Jrsti$ your anslver.

14. LetT : X -+ X be a bo111rded linear operator on a complex Banach space X. Prove that the resoivent operator fii(f) is

bolomorphic at every Point 16 € P€)

15. Showihat T t12 -+12 detined byTc-y: {1i,qi: $ i..o*putt'u'herc *: (t),i:L,2,3,""

16.
It B is atotally bormdecl subset ola nretric space X, prove that B contains a llnite e 'net for every e > 0'

17 . prove that the spectrum pl a boun<ietl self-adioint linear operalor on a compiex Hilbert space lies in a closed inten'al on the real aiis.

18. Shor,vthatthedifference P: Pz-Pr ofnvoprojectionsonaHitbertspaceff isaprojectionon-Ff if andonl.vif Pr < Pz.

l6x2=12 weightage)

Part G (EssaY TYPe Questions)

Answer any two quesfions.

Weight 5 each.

1g. (a) prove that a bounded Linear operator ? from a Banach space X onto a Banach space Y has the properly that the image 
"(Bs) 

oi

the open unit ball ao : B(0; 1) c x contains ail open ball about 0 € ]f'

(b) State and prove Open Mapping Theorem.

2A. LetT:X-+Xbeacontractiononacompletemetricspace{X,d,}iXl{.Provethat?hasprecisel,vonefixedpoint.

?1 ' LetT: X*+ Xbe acompactlinearoperatoronaBanach space X, anri ,\ 10. Provethatthere exists asmallest integerr suchthat

from n : r onwards the nu11 spaces "A/({ ) are all equal and ifr } 0, the inclusions
' ,li{ry) c rV(",\) c if(ry) c "' c ,i/(ry)are aliproper'

22. State and prove a necessary and sufficient ondition tbr a projection on a Flilbert space .I{.

(2x5=10 weightage)


