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Part A (Short Answer Questions)

Answer any eight quesfions.

Weight I eqch

1. Define Borel sets. Showthaler/ery interval is a Borel set.

2. Stale and prove the excision property of measurable sets.

3. Define Cantor-Lebesgue function.

4. Define a simple function and rts canonical forrn. Atso define pointwise convergence of a sequence of
functions. State the simpie approximatisn Theorem"

5. Verify by an eiample that pointwise convergence of a sequence {fi} of bounded Lebesgue

measureable functions on a set of finite measure -8, is not sufficient for passage of limit under integral

sign

6. State and prove monotcne ccnvergence theorem for nonnegative Lebesgue measurable functions.

7 . Define n*finite measule space. Prove that the l,ebesgue measure on J? is r- finite.

B. lf v is a signed measure on a measurable space {X, M), show that for each E e M,
-"* {E} S "(E} 

< u+ {E) and l"{4 lSi u I (.8), where v+ and u* are the Jordan decompositions

of v.

9. Let (X, M, p) be a measure space and / a nonnegative measurable function on X for which

{ f ap < m. Then provethat/isfinitea.e. onXand {* e Xlf(r) > 0}isofinite.
x

10. State Tonelli's Theorem.

18x1=8 weightagel
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Pa* B (Short EssaylProblems)

Answer any six quesflons.

Weight 2 each.

12. Let {Es}[, be a countable d,sjo,nt colleclion cf LebesgLre measurable sets. Prove that for any set C,

11 
tf {,Pk}81 is any countabte couection of sets, then prove that m* (*!' 

") 
: 

E 
m. (Ex}

/ /x \\*. (., n (._U ,-J i : Lm-{An Er}
ft:1

13. Define Lebesgue measurability of a function. Prove that a function J on a Lebesgue measurable set.H is

Lebesgue measurable if and only if the inverse image under /of every open set is Lebesgue n:easurable

14. Define Riemann lntegrablity of / over [a.b] Show that the porntwise limit of sequence of Riemann

integrable functions need not be.Riemann integrable

'15. Prave that frnite union of measurable sets is measurable.

'16. Let -E be a measurable subset of X and f an extended real valued function on X. Show that J is
measurable if and only if its restrictions to E and X * E are measurable.

t/
1. tet {X, Jr4,l"} be a measure spoce and tlt be nonnegative simple functians on X. tf X* e X is rneasurable

and p(X - Xo) - 0, then prove that f ,, ap: f,rl' d,r

2. Let (X, M, pj be a rneasure space. $ and t/ be nonnegative slmple functions on X . lf

4, S $ a.e on Xthen frrl; d,U -- f*4 ap

18. Let(X,M,plbeameasurespaceanC{fi}asequenceoffunctionsonXthatisbothuniformly
integrable and tight over X" ff {l"l -+ J pointwise a.e. on X and the function f is integrabte over X.
prove that I*J f^ dp - f f ap

t1x2=12 weightagel

Part C {Essay Type Questions}

Answer any twa quesfions.

Weight 5 each.

1. fet.E be a bounded measurable set of real numbers. Suppose there is a bounded, countably infinite set r! of real

numbers for which the collestion of translates of {,\ * .E}^.,1 is dis.}oint. Then prove that rn(E) : fl.

2. State and Prove Vitaii's theorem.

24. Prove that Lebesgue integration of bounded Lebesgue measurable functions on sets of finite measure

satisfies the properties of Linearity, Monotonicity and Additivity over domains of integration



21. Let v be a signed measure on the measurable space tX, M). Prove that there exists a positive set L
and a negative set B such that X : AIL B and A{} B: @ Also prove that the pair {A, B} is unique

except for null sets.

22. State and prove Radon Nikodym Theorem.

12x5=10 weightage;
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