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Part A (Short Answer Questions)
A.,^..,^- ^^,, ^;-LL -,,^-l:^-^AitJlei Aiiy ei,ii,. queJi'rulis.

Weight 1 each.

1. rina irc{1/t + J5,Q)

2. tf 1 is constructible and 1 { Q, then prave that lQ(l) , Q] : 2' for some integer r } A.

3. Check whether the function z for the integral domain Z[r) given oy u{f {r)) : (degree of J(r)) for

/(r) e 7,1*1, f{r) I 0 is a Euclidean norm.

4. State Euclidean algorithm.

5. Define a multiplicative norm inZ{i}, which is a Euclidean norm also.

6. Let a be algebraic of degree n over a field F. Prove that there dre at most n different isornorphisms of F{a) onta a subfield
.;

of F and leavinq I- fixed.

7. $E<F isanolgebraicextensionof afietd F anda,Be E areconjugateaverF,thenprovetltdttheconjugation

isomorphism $*.p : F{a) -+ F(P) can be extended ta an isomorphism of E onto o subfield of F .

8. Define the index of E over F where E be a finite extension of a field F. lllustrate the definition with on example.

9. Let.Kbeafinitenormal extensionof afield-Fandlet-Ebeanextensiorr ofF,where FSESI(<F.Prou.that I(isa
finite normal extension of E.

10. Define the nth cyclotomic extension of s fietd F. Give sn exarnple.

Part B {Short Essay/Problems}

Answer any six questions.

Weigltt 2 each.

rilr Bi+r..kt b4#ru*Ejft Etrt rr fl I

(5x 1 =8 weightage)
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Let E be an olgebraic extension of a fietd F . Then prove that there exist a finite number of elements d1, dy...,dn in E such

that E= F(ay a2...,an) if and onty if E is a finite dimensional vector spoce over F

prove that a field is olgebraically closed if and onty if every non constdnt polynomial in F[x] factors in F[x] into linear factors, Also

show thot an olgebroicolly closed field has na praper algebroic extensions.

Let D be a PlD. Prove that every element that is neither 0 nor a unit in D is a product of irreducibles.

lf D is a UFD, then prove that for every nonconstant f(x) in D[x], f(x) = (c)g(x), where c belongs to D and

g(x) in D[x] is primitive. Atso prove that the element c is unique upto a unit factor in D and g(x) is unique

upto a unit factor in D.

Let F be o subfield of a fietd E. Prove thatthe set G{ElF) of all automorphisms of E leoving F fixed forms a subgroup of the

graup of otl automorphisms ot' E. Also prove thot F I EcG rl .

Show that if iE : F) : 2, then E is a sptitting field aver F.

Let F be a fietd ond f {x) be an irreducible_polynomial in Fl.r). Prove that oll zeros ,f f (r) inF hove the some multipticity'

Let I{ be a finite extension of degree n ol a finite field F o'f p' elements. Prove that G(K I F) is cyclic of

order n and is generated by dp., where for a € K , oo,(a) : sr'
{6x2=12 weightage)

Part C (Essay Type Questions)

Answer any two questions.

Weight 5 each.

19. a) prove that a finite field GF(p") of pnelements exists for every prirne powerp'.

b) tf E an'l E' are fields of order p" , then prove that E= F, ' '

20. a) lf D is a UFD, then prove that a product of two primitive polynomials in D[x] is again primitive.

b) lf D is a UFD, then prove that D[x] is a UFD.

21 . Definesplittingfieldoverofietd F.Provethatafietd E, F < E < F itosptittingfieldoverF if ondonlyif every

outomorphism ol'F leoving F fixed maps E onto itsetf and thus induces an dutomorphism of E leaving F fixed.

22. Prove the following.

a) Every field of characteristic zero is perfect.

b) Every finite field is Perfect.

(2x5=10 weightage)

rilr us rua g !il tJ .FwBLIl I I


