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Part A (Short Answer Questions)

Answer any eight questions.
Weight 1 each.

Sketch the level sets f~1(0) and typical values V f(p) of the vector field V f for the function f(z;, ) = 27 — zJ when

pe f1(0).
Define an n-surface § and the tangent space Sy, at a point p € S. Give an example.
What is Gauss Map? Sketch the Gauss Map for 1-surface in R?

Describe the spherical image. when n = 2, of the cone —z2 + 22 + 22 + ...+ 22, = 0,2; > 0 oriented by its unit normal vector
p = 1 2 3 n+1 ’ 2

field.
If X and Y are parallel vector fields along a parametrized curve o, then show that X + Y and c¢X are parallel, forallc € R

Define the derivative of a smooth vectorfield X on an open set U in R™™ with respect to a vector v € R**!, p € U. Show that
P P T 4

V+(fX) = (V+)X(p) + f(p)(V+X) where f : U — R is a smooth function.

Explain a) Circle of curvature.
b) Center of curvature.

¢) Radius of curvature of a plane curve at the point p.
Let U be an open setin R™! and f : U — R is smooth. Then for any parametrized curve o : T — U evaluate fa df.
Prove that a parametrized 1-surface is simply a regular parametrized curve.

Let @ : U — R™* be any smooth map. U open in R”.
a) Define vector field along .
b)Let p € U and v € Rj. Define the derivative of a smooth vector field X with respect to V.

(8x1=8 weightage)
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Part B (Short Essay/Problems)
Answer any six questions

Weight 2 each.

How can vou obtain level sets from graph and graph from level sets? Explain the process using the level sets and graphs of the

st _ 2 2 —0: -
function f(&1,Ta,-- ., Tns1) = 5 +3+...+z>,; for n=0andn = 1.

If S is a connected n-surface in R"*! and g : § — R is smooth and takes on only the values +1 and -1. then prove that gisa

constant.

For each pair of orthogonal unit vectors {e1,e2} inR? and @ € R, verify the great circle a(t) = (cosat)e; + (sin at)es isa

geodesic in the 2-sphere 22 + 2% + 2§ = 1in R®.

Let : [0,7] — S? be the half great circle in 52, running from the north pole p = (0, 0, 1) to the south pole ¢ = (0, 0,—1).
defined by a(t) = (sint, 0, cost) . Show that. for v = (p, v1, va, 0) € 83, Pa(v) = (¢, —v1, v2, 0)

a) What do you mean by reparametrization of a parametrized curve.

b) Are local parametrizations of plane curves unique upto reparametrization?Justify your answer.

Define length of a connected oriented plane curve. Find the length of the connected oriented plane curve f~*(c) oriented by \Z; 3

where £ : U — R is given by f(1,22) = ba1 + 1222, U = {(z1,32) : 2% + 3 < 169},c = 0.
Let V be a finite dimensional vector space with dot product and let L: V. — V' be a self adjoint linear transformation on V.. Let
S={veV:v-v=1} anddefine f:S — R by f(v) = L(v) - v. Prove that if vy is an eigen vector of L, then f is stationary at

vg € S.

Find the normal curvature k(v) for each tangent direction v, the principal curvatures and principal curvature directions, and the
Gauss-Kronecker and mean curvatures, at the point p = (1,0,...,0) of the n-surface 1 + €a+...+Tnr1 = 1 oriented by the
outward normal vector field.

(6%x2=12 weightage)
Part C (Essay Type Questions)

Answer any two questions.

Weight 5 each.

a) Let X be a smooth vector field on an open set U C R™! and let p € U. Then prove that there exists an open interval I containing
0 and an integral curve o : I — U of X such that

(i)a(0) = p

() If B I s Uis any other integral curve of X with §(0) = p then I cI and B(t) = a(t) forallt e I

b) Given the vector field(p) = (p. X(p)) where X(p) = (—p). Then find the integral curve through an arbitrary point (1,1).

Show that each maximal geodesic on the cylinder m% + :1:% = 1inR3 is either a vertical line. a horizontal circle. a helix or a constant.

a) Let § be an n-surface in R"*, oriented by the unit normal vector field N. Let p € § and v € S Prove that

éa(to) - N(p) = Ly(v) - v for every parametrized curve o : I — § with &(tp) = v for some &g € 1.




R

b) Show that if S is an n-surface and N is a unit normal vector field on §. then the Weingarten map of § oriented by —N is the
negative of the Weingarten map of S oriented by N.

22, a) Let S be an oriented n-surface in R™™ and let p € S. Let Z be any non-zero normal vector field on S such that N = Z/||Z|| and
|

Vv, Z
(~Dndet|
VvnZ
l ; _ Z(p)
et {vi,V2,...,Vp} be any basis for Sp. Prove that K(p) = -
1
1Z(p) " det
2 2 2 Z(P)
b) Let S be the ellipsoid % + % §- % =1 oriented by the outward normal vector field. Find the Gauss - Kronecker curvature of
S.

(2x5=10 weightage)




