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Part A (Short Answer Questions)

Answer any eightguesfrons.

Weight I each.

1. Prove the tbllowing ta) $(p") : PP - 'pe-t for prirne p and a ) 1 .

(t,)f(rnn) :0@)Q@){#), where 4: (m,n).

2. Define th6 divrsor function cro (n). Show that it is multiplicative.

3. Define average order. big oh aotation and asymptotic equaiitr'' of arithmetica.l functions.

4. State Abel's identiB- aod deduce Euler's summation lbrmula tiom it.

5. Let{o(n)}beanonnegatir.esequencesuchthatf,,.,"(")li] :tlogz+O{n) iorall c } l.Therrprovethat Va"2l,wehave

-/-\t,<,#:lagt+O(t).
6. {a)tfa: b{rnodrn) ands: b{mod,n) r,vhere (rn,n):lthenprovethat6- b(mod,rnn).

(blrf a= b{mad,m) and if 0 < lb - al < m then provethat o : b.

7 . Prove that if a prime p does not divide alhen ap*1 : l{modp)

8. A prime p satisEes (p - 1)! : -ltmod p). ls the converse 1rue.

9' For every ocltl prime p, Prove *rat (-1lp) : (-1) + : 
{ 1, ;;;::W}

'l 0. {a) Define the exponent of a modulo rn .

. 

(b) Let m ) ! and, {a,m) :1. Then prove that aft : ah (mod,rn) if and onl-v rf k: h{mod,m), lthere.j[ : e*p*(A).

18x'!=8 weightage;

Part B (Short EssaylProblems)

Answer any six quesfibns.

Weight 2 each.

11 . Show that trvo lattice points (a, b) and, {m,n) me mutually visible if and onlv il' a - rna:rd b - n are relativelv prime.



12.

13.

14.

15.

16

lt

18.

19
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Forc >2,provetharLe<rL?llogp:nlogu+O(t),wherethesumisextendedoverall primes(c.

lf n > l .show that l n log n < Pr < L2{n tog n * n log9), where P, denotes the n'hprtme

Find a constant Asuch that |,rr,b :loglogt + A+ O(#),V t > 2.

Assnme (Am): d and suppose that dlb . Then prove that the linear congruerce aa : b{modm) has exactly d solutions modulo m

given b-v t,t + #,t + 2T,.. ..t + (d* 1)f, where t is a solution rurique modulo ff of the linear congruence la = ${moa ff)

Assume r.Ttrl...trn"arepositiveintegers,relativel.vpnmeinpairs.Let btr...rbrbearbitraryintegers.Thenprovethatthes-vstemof

congruences t : h(mod,mr),. . . ,, : br(mad'm,) has exactl-v one solution modalo m1,. ' ',m,.

Define Legendre's symbol (alp). Prove that it is a completely multiplicative function.

Let p be an odd prime. Prove that there are exactly ffur - 1) pnmitive roots mod p.

16x2=12 weightage)

Part C {Essay Type Questions)
' Answer any two guesftbns^

Weight 5 each.

(a) State and prove the theorem rvhich give the recursion formulas lor f-1, n'here / is an arilhmetical funclion w.rth l(1) I 0.

(b) Prove that if both g arld f * g are multiplicative then / is multiplicative.

Sholv that the foliorvtng relations are logicall-v equivalent.

(a.) lim r(t\togx * r.t"+oa

161 1i* "(") 
Iogr(,) 

- 1.t'r-- c

(") ti- 5 : l,where Pn d,enotes the nthprime.v n+6 ilPgn

20

21 . (a) Let f be a polynomial with integer coefficents, let mi. m2. .... m, be positive integer relativel-v prime in pairs. ald let m : mtm2

...mr.Prove that ihe congmence /(r) = O(rnodrn) has a solution if and only each of the congruence f (r) : O(nzodm) ,

i:i,,2,...,r . has a solution.

Also show that if v(m) aaci v(mi) denote the number of solntions oi/{o) : 0{mad,m) and l(r) = A(mod,m) , i:1,,2.....r

respectivel,v, then v{m)= v(m 
1 )v(mz)... v(mr).

(b)Provethatforagivenanyintegerk>0thereexistsalattrcepoint(a,b;suchthatnoneoithelatticepoints(a+r,b+s).0<r.s<kis

r isible tiom the orgin.

22. Derive a fbrmula lbr (plq)(qip). uhere p and q are drstrnct odd pnmes

px5=10 weightage)


