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Part A (Short Answer Questions)

Answer any eight quesfibns.

Weight 1 each.

1 " Define Caronical mapping of a normed space X into Xrl. Prove that Canoical rrappilg is linear.

2. If(rr) antt(yr)*"sequencesinthesalnenonnedspaceX.showthat *.3* andy*Sgrimplies a,n*ln3*+y.

3. Define contraction on a metric space. State Banach tired point Theorem.

4. Del'ine characteristic equation and eigetvalues olan n x n makix.

5. LetXbeacompiexBanachspace,? e B{X,X) and},pr € p(T).T}renprovethatR, -Er: (p-})A*.R;.

6. Define a commutative algebra rvith identity. Give an example.

7.
Deline totally bouaded sets. Is a totally bounded se1 ola rretric space is bounded?

8.
Let ? and ,5 be iinear operators in a normed space X. If ? is compact and S is bounded prove that ?^5 is compact.

9. l.etTt,Tz,?beboundedselt--adjointlinemoperatorsonacomplexHilbertspaceIfanda>0.Ilfi {?2.provethat

Tt *T < Tz +f ar,di:,Tt I aTz.

10. Let Pr and P2 be projections defined on a Hilbert space ff and let Y1 : P,(}r) and y2 : P2(If). If the diflbrence P : Pz - Pt is a

profection. prove that P2Py: P1P2: p1,

(8x't=8 weightage)

Part B (Short Essay/Problems)

Answer any six quesf,bns.

Weight 2 each.

11 . Proverhatasequence(/,)ofboLrndedlinear'ihnctionalsonaBanchspaceXisweak*convergerltifanrlonlyil

(A) The sequence (]l/"ll) Ir bounded.
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(B) The sequeflce (Jro) k cauch'v fbr every' r in a total subset M of X'

12. l.etT : D{T) -} y be a bounderl linear operator with dornain D€) c x 
""vhere 

x andY are normed spaces' Prove that

(a) lf D(T) is a closed subset ollX, then 7 is closed'

(b) If f is closed arid Y is complete, ther: D(?) is a closed subset of X'

13. Let ?: X-+X beaboundedlinearoperator onacomplexnormedspaceXand Iep(?).Thenprovethattheresolventoperator

Er(") is detlned on the u'hole space X'

14' Fincl the eigenvalues anil eigenvectors olthe matrix
2

4

1 s. Let A be a conplex Bznach algebra with identitv. Then show that the set G of all invertible elements of A is a, open subset of A'

16. LetX and y be,omedspace ancl T t X -+Y alinearoperator. State aldprove the characterisatiottheorem fbr?to become a

compaot linear oPerator.

17. LetT : H -+ ff be abounded self-adjointlinearoperatoron acomplex Hilbertspace H * {O}'Prove that *: 
rff!r("'r) 

and

M: suP \Ta,a) are sPectral values ofI
lla;l=r

1 8. Let Pr and P2 are projections on a Hilbert space I{. Prove that the product P : PtPz is a projectioD on ff ifand only ifPl and

P2commute.AlsoprovethatPprojectsffontoY:}in$'r'vhereYi:Pi{H)'(i:l'2}'
(6x2=12 weighlage)

Part C (EssaY TYPe Questions)

Answer any two quesfions.

Weight 5 each.

19" State and prove Open Mapping Theorem

2A. Let ? € B(X,X),rvhere X is a complex Banach space' Then:

(a) If ]l"ll ( 1 . prove that (I - ?)-1 erists as a bounded linear operator on the rvhole space x and

&
I -r1-t: IJ+T +T2 +"'

j:0

(b) Prove that the spectrum of? is closed'

21 . LetT: X-+ Xbe acompaotlinearoperatoronanomredspace X, and.\ 10. Provethatthere exists asmailestintegerrsuchthat

t'rom,:ronwarclsthenull spaces,1/(?f)areal1 equalandtheranges{(x)areallequaiandifr>0.thefollo*inginclusionsare

propef.

N{r:} c r/(a) c N{ril c "' c.M({) ana

4(x) : "1(x)r 4(x) ;""'r ?i(x)

1. pro,ethateigenvectorscorresponclingtoriifferenteigetrvaluesoia boundedself-adjointlinearoperatoronacomplex

IIilbcrt space are orthogonal.

2. Stateanc{proveaoharacterizaticuroftheresolventsetofaboundeciself-adiointlinearoperatoronacomplexHilbert

3

1

22.

space.

(2x5=10 weightage)


