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Part A
Answer any ten questions.

Each question carries 2 marks.

1.  Prove that if A is a set with m elements and B is a set with n elemnents, Then
A U B has m + n elements?

2. Provethata.a =a — a=0o0ra=17?

1
If £ > 0 prove that there existan n; € IN suchthat) < — <t
ny

4. Define periodic and terminating decimals? Is every rational terminating? Justify?

5. Prove that the sequence (0,2,0,2,0,2,...) does not converge.

6. IfX = (xn) is a sequence of real numbers, (ap) is a sequence of positive real numbers
such that lim(a,) = 0 and if for some positive constant C > 0 and m € N we have

|xn — :1:| < Ca,, forevery n >m, then prove that lim(x,) = x.
7. LetX=(2,4,6..2n.)andY=(1,5,5,...,+,...). Find X +Y and X.Y.
8.  Write a short note on Euler number.

9. Let(x,) and (y,) be two sequences of real numbers and suppose that x,, < y,, for all n.

Prove that if lim y, = -00 then lim x, = -00.
10. State the root test for the absolute convergence of a series in R.

11. State Abel's test for the convergence of series.
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12. Let A be a set consisting of all rational numbers in [0, 1]. Then what are the cluster
points of A.

(10x2=20)
Part B

Answer any six questions.

Each question carries 5 marks.

13. Prove the following, Foralla,b € R
(@)la+b| < |a| + |b]
(b) [la] — [b]] < |a — b]
(c)|a —b| < la| + |b|
14. If I, = [an, bn], n € N be a nested sequence of closed, bounded intervals such that

the lengths b, — a,, of I, satisfy Inf{b, — a, : n € N} = 0, then Prove that the
number 7 contained in I,, V n is unique?

15. Let X = (x,,) be a sequence of non-negative real numbers. Prove that the sequence

(\/Zr ) of positive square roots converges to /.

16. State and prove Monotone Subsequence Theorem.
17. State and prove Cauchy Convergence Criterion.

18. Prove that if Z x, is convergent, then any series obtained from it by grouping the terms
is also convergent.

n’ll

(n+1)n+1
20. Let f: A — Z andletc € Z be a cluster point of A. If lim f exists, Prove that

Tr—C

19. Discuss the convergence of the series whose nth term is

lim || = [lim £|.
21. Give an example of a function that has a left-hand limit but not a right-hand limit at a
point.
(6x5=30)
Part C

Answer any two questions.

Each question carries 15 marks.

22. Prove that there exist a real number z such that 22 = 2 ?

23. (a) State and prove Monotone Convergence Theorem.
(b) Let Z = (z,,) be the sequence defined as z4 = 1 and z,+1 = 4/ 22, forevery n. Show
that lim(z,) = 2.
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24. (a) State and prove Comparison Test for the convergence of series. (b) Discuss the
convergence of
. Zoo 1
1 n24n

oo 1

¢ 1 n

Let ACZ, f,g: A — Z,and letc € Z be a cluster point of A, Suppose that
f(z) < g(z) forallz € A, x # ¢, Then prove the following

o Iflim f = oo, then lim g = cc.

T—C T—C
o Iflim g = —oo,then lim f = —o0.
T—C T—C

(b) Give an example of a function that has a left-hand limit but not a right-hand limit at a
point.

(c) Evaluate the limit or show that it do not exist " lin} xfl where z #£ 1.
T—r

(2x15=30)
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