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10.

1.

Part A
Answer any ten questions.

Each question carries 2 marks.

Let f be defind forall z € R,z # 2 by f(z) = ﬁi%é . Define f at x = 2 in such a way

i
that f is continuous at that point.

Give an example of a function f : [O, 1] — R that is discontinuous at every point of [0,1]
but such that |f| is continuous on [0,1].

Define absolute maximum point and absolute minimum point for f : A — R.

Is every continuous function differentiable? Justify with proper reasoning or counter
example.

Given that the function f : R — R defined by f(z) = 2 + 2z + 1 is invertible and let
g be its inverse. Find the value of g'(1).

Define decreasing function with a proper example.
Define norm of the partition of an interval.

Test the function of f(z) = 2202 + 2021z on [2022, 2023] is Riemann integrable or
not.

Under what circumstances differentiation and Riemann integration are inverse to each
other.

Evaluate lim( %f%;”—) for zeR,z > 0.

sin(nz+n)

Show that the sequence of functions f,, defined on R as falz) = — converges

uniformly in R.
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Do the limit of a convergent sequence of differentiable functions on an interval [a, b} is
differentiable, if not what condition wili make the limit function differentiable”?

(10x2=20)
Part B
Answer any six questions.

Each question carries 5 marks.

Define Thomae's function on (0, oo) and show that it is continuous precisely at the
irrational points in (0, 00).

State and prove Preservation of Intervals Theorem.

Let I C R be an interval and let f : I — R be monotone on | Then prove that the set of
points D C T at which f is discontinuous is a countable set .

2 . .
Let f:R— R defined by f(z)= &y & z.s ’r.'a,tzm’wl . Prove that f is
z, 1S irrational
differentiable at z = 0.
Derive the inequality «® < az + (1 — a),Vz > 0,0 <a <1

1
Evaluate the limit limg 00 2%, € (0, o0)

4 _
.
Evaluate f S dt

1 Vi

2
Evaluate [t%(1+ 1;3)‘2l dt.
0

Suppose that ( fn) is a sequence of continuous functions on an interval I that converges
uniformly on I to a function f B (z,,) € I converges to xg € I, show that
lim(fa(zn)) = f(@0)-
(6x5=30)
PartC
Answer any two questions.

Each question carries 15 marks.

(a) Show that a function f is uniformly continuous on the interval (a,b) if and only if it can
be defined at the endpoints a and b such that the extended function is continuous on [a,b].
(b) State and prove the Continuous Inverse Theorem.

(a) State and Prove L'Hospital's Rule |
(b) Using this, find the following

- —



s |

o A tanxr — /
0 limeor — 52 € (0:3)
T
o log cos =
(i) limg 0+ —— e

24. (a) Let f € Rla,b] and if (Py) is any sequence of tagged partitions of [a, b] such that

25.

b
||Pn|] — O, prove that [ f = limn,S(f; P).

a

(b) Suppose that f is bounded on [a, b] and that there exists two sequences of tagged
partitions (P,) and (Q,) of [a, b]such that ||Pnl| = 0 and ||Qyl[ — 0, but such that
limnS(f; Pn) # limaS(f; Q,). Show that f & Rla, b].
(a) State and prove the Cauchy Criterion for Riemann integrability of a function
f:la,b - R
(b) Check the Riemann integrability of Dirichlet function.

'V (2x15=30)



