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Part A (Short Answer Questionsi

Answter any eiglrf quesfio*s.

V{eight I each.

1. Finri w*etliertl:e vgct*r ti*ld d*tlnedhy X(r1,r:) : {rr,cx.1,{}} w'here {f : R2 is eamplete arilot.

2. Dellne a:: ra*plar:e. Shr:ri thar n*plane is an n *sur{ace in lR.*-l.

3. Descrihethesphericalirlage,wl:errr:2"*ftirecS,linder xl + *l* ".. j,- e?,+t: lorientedbf its

runit n<.r*nnl vecttll field.

4. D*fine derivative of a sm*oth vector field" Let X and Y be sm**th vector fields along the paxameaized

cgn.e & : f -+ n&"+1. Prove {X + V1 : X +*.

5. ilefine C*v*riant derivatlve cf a vector fi*ld K. Shoiv that if'K and Y are smtoth vector llelds

tafigentto,galorrgaparamelrizec! curyes: J *r ^$,ihel {X,+Y}': X'+Y'.

6. Strile a sh*rJ nelte gn W.eing;rten map. Explain its ger:nr**:i*al n':eaning.

7. Defins curyfltrre of a plare cur1,e at the paint p. Alsa write a formr*a for findi*g curvature.

L Provethai anv sriented plane curve wtrichhas gtrobal pararnetrization is *onnected.

9. Def?ne gkth*l prtsper4,. Explsein with sn *s'*,cmple.

10. Define parametrir.ed rr-surface 'r, *t-* (h 2 0). Cive an example" Shorv that a parnn:retrize<i l-surfirce is

sinply a regular parametrized curve.

{8x'1=8 y,,eiUhtage}
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Fart B {$hort EssaYlProblerns}

Answ*r flr?ir six guesfft:ns'

Weight 2 each.

11. Let f :tJ -+Rtreasmoothfuncti*nwgereU !R"*' isa,opensetand,,: J-+ IJ beaparamekized

curve. Shc,ly that fo* is a coi:star:t if anrl *i:ly if * is everyll'here orthogonai ta the gradient of J'

12. Let ,S c R*=1 be a con:rected n-srrliice in Rt+ 1. sh*rv rhat there exists on ,5 exactl-v tr'l'o tmit non:na1

Yestor fields N1 alrri N2'

13. Slror.r,that it-a: J *r.g isagecdesic ir: i:urci.-surf"ace a::d it p: aofu is arepara:r:etrizatioirof

a rvhere lt : i -+ -I then ,s is a ge+desic ir 
^5 

i{ and cr:1y if ttrere exists a, & e H. wjtii a > 0 such thal

htt):at+b,ttti'

14. For # e R,let *.s : [0, a"] *+ ,S2 be the parametrized cun'e in ths uilit 2*sphere 5t ' fram the north pole

P: i0, 0, 1.}tot}resouthpole q: (0. s,-1),definedb-va6(t} - {cos? s,inl, s'irz# s,i,nt, cost}'

Shon.that,lorv: {p, 1, 0, 0} € S,?, P*(") : *tq, cos?,#, si'n20,0}

1s. Fhxi the globai parametrization o{'the planc cun'e.oriented by # r'vhere f is ther f-unction defined by

the left side of the equ*tion *? * *i: 1, rr ), *"

16. Let 4 be the l-f'ona on I# * {0} defineci b,v 4 : *ffia*, + f4d'*'' Let C denote the ellipse

* '- '# : 1 orietrleri b-'- its inrvard normal' er ftlrrate Jg 4'

17 " Ler s l:e ttt't rtriented n^srtrface in ffi'+1 lel p e s *ntl let {kt (p) 
' 
k'tp) 

' 
' ' " 

' 
k"tp}} be tlte principal

c*?\,etuyes a!'S at p y,ith crtrrespemding ttrtleogrsn*l principctl ctfinniurs directiatts {orrnrr' ' ' , Yt}'

prave tlwt th.* natvtal c\$.\,ut!il"€ e{v) lx the directitm v t ,$, is gitew h3;

nn
h(v):t*o{ux"'rr,}':fng'1*or|Li"'hete*a:cas-|{v'v;} i'rtlzeangle!:etv'eenvtrndv4'

{:1 d:l

13. a) Define coordinate vectc,r fields al*ug a srn*oth map p : u -+ R*+a . where I/ open in R" '

b) rind the coordinate vertor *eicls alotg the pa.lametrlzed tarus tp in l'Q3 given by

,ptf., *3 : ({o * b cos $) cos S, (a * b cas $) ein 0, b sin $} "

t6x2=12 weightaEe)

Part 0 {fissaY TYPe Questions}

Ansv.ter anY twa quesfiot"rs.

Weight 5 eacl't.

'19 a) ls there irny relation betrveen ler,el sets and graph of a given fl-rnction delir:*d an [/ e R"+1 ' Exp]ain"

b) Shou, thal the graph of anJ' fufiction f , R" -+ R. is a level set for sotne futlction F : R'"-1 -+ R'

c) Obtain ievel sers and graph of tire luncrion .f(ri, fr2t". . ,xn-t) : 11 + *?*" '*n3+ ifor n : 0' 1

Given ,g is a compact connected oriented ri.-surface in R"*+1 exhibited as a level set i*1(c) of

a smooth function .f , i["*t -+ R with Vf{p) * 0, Vp e ,9. ls the Gauss map fr*m '9 to the

unit sphere ,5"onto ? ExPlain.

2t\
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7.1 . Irr:r ti:e \tei::gar{'*n rnap trp" prcive t}:at ,u{o}.lrF : rr. ,.o{*} ti:r all v, w e So.

22' Let S be an {}rientetl p?-$urfor:* in nqni l *;-a;i let v he a tmit yectrtr irc ffo, p e. S. prcr*e tlaat tlte.t"e exists

{rrt opensel p g ,T{nr! a;ntaining;Ss such $wt S fi,{l(v) n V is a trtlatw <:uyre. i{ore{}verl tlw cLg,\,6tuye

*t p rsf this cutte {suit*ltly arie*ted} is equal to the ntrru*l *m,ature l*{v}.
(2xs=10 weightagei


